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Abstract 

We provide a description of the excursion measure from a point for a spectrally negative 
Levy process. The description is based in two main ingredients. The first is building a 
spectrally negative Levy process conditioned to avoid zero and the study of its entrance law 
at zero. The latter is connected with both the excursion measure from zero of the process 
reflected in its infimum and reflected in its supremum. This lead us to establish a connection 
with the excursion measure from the state zero with the excursion measure from zero for the 
process reflected at the infimum and reflected at the supremum, respectively, which is the 
second main ingredient of our description. 
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1 Introduction 


Let X = {Xt, f > 0) be a spectrally negative Levy process, viz a real valued stochastic process 
with non-monotone cadlag paths, independent and stationary increments and no positive jumps. 
For a: G M, we denote by the law of X when it is started at x and write for convenience P in 
place of Pq. It is well known that in this case the Laplace exponent of X, d' : [0, oo) —?• M, which 
is dehned by 


E 


eAX* 


=: 


f, A > 0, 


is well-dehned and satishes the so called Levy-Khintchine formula, i.e. 


2 r 

^(A) = yA + ^A^ + / (e"" - 1 - Aa;l{,,<i})n(da;), (1) 

J (—00,0) 
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where 7 G M, cr^ > 0 and 11 is a measure on (— 00 , 0). called the Levy measure of X, satisfying 

/ (1 A a;^)n(da;) < 00 . 

J (—00,0) 

We refer to Chapter VII in [1] or Chapter VIII in [12] for further details on the theory of spectrally 
negative Levy processes or SNLP for short. 

Our aim in this paper is to develop Ito’s excursion theory away from 0 for the process X. 
With this purpose in mind, we assume that the state 0 is regular for itself and that X is not a 
compound Poisson process. According to Corollary 5 in Chapter VII in [1] this occurs if and only 
if X has unbounded variation, which is known to be equivalent to either > 0 or 


' (— 00 , 0 ) 


(1 A |x|)n(da;) = cxd. 


General theory of Markov process, see e.g. Chapter IV in [ 1 ], ensures that there exists a local 
time at zero for X, here denoted by {Lt,t > 0). The right-continuous inverse of the local time L 
is dehned as follows 

Tt = inf{s > 0 Ls > t}, t > 0 , ( 2 ) 

which is known to be a, possibly killed, subordinator. Let S the space of real valued cadlag paths 
with lifetime, and T an isolated state. The main result in Ito’s excursion theory, as described 
in [2] or [7], ensures that the point process {st, 0 < t < Lqo) on U {T} defined by 


Xrt-+s, 0 < S < Tt - Tt-, if n - Tt- > 0, 
T, Tt - Tt- = 0, 


for t < Loo 


is a Poisson point process with intensity measure, say n, stopped at the hrst point e ^ 8 whose 
lifetime is inhnite. The measure n is also called the excursion measure away from 0 for X. 

In recent years there have been several insightful papers reviewing diverse aspects of excursion 
theory and its applications, several of them are dedicated to the memory of Professor K. ltd. 
To name but a few we mention the paper by Watanabe [20] about diffusion processes, Le Gall’s 
[13] on Brownian motion and random trees, Werner’s [21] on scaling limits of critical systems in 
statistical physics. Pitman and Yor’s [17] and Yen and Yor’s [23] providing a general panorama of 
the excursion theory for Brownian motion, and Fitzsimmons and Getoor’s [7] giving an updated 
review of the general theory. These papers and the references therein together with the book 
by Blumenthal [2] and the papers by Getoor [ 8 ] and Rogers [19] should provide the necessary 
background and may serve as a guide for the reader interested in the applications of excursion 
theory. 

Our aim in this work is to provide a description a la Imhof of the measure n, which consists 
on hrst constructing the law of the process conditioned to avoid zero, then showing that this 
process can be started from zero, and hnally removing the conditioning. The resulting measure is 
proportional to the excursion measure. We will actually achieve this program for the process killed 
at an independent exponential time of parameter f3 and then we will make /9 —)■ 0. These steps will 
be made precise below. This method is reminiscent of that introduced by Imhof [10] to describe 
n in the case where Y is a Brownian motion, and has been successfully applied in many different 
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contexts, see e.g. [3] for Levy processes reflected in its past infimum, [18] for positive self-similar 
Markov processes, and [22] for symmetrical real valued Levy processes. This study is motivated, 
first, by the popularity of spectrally negative Levy process in population dynamics, risk theory 
and hnancial mathematics, see e.g. [ 12 ] where some of these topics are described, and second, from 
the fact that in the literature on Levy process only in the paper by Yano [22] a systematic study 
of the excursion measure n is carried, and this concerns mainly symmetric Levy processes with 
no-Gaussian part. Our study complements that of Yano, in the sense that we consider asymmetric 
Levy processes with no restriction on the Gaussian part. A further motivation for our study is the 
applications of some of the results here obtained to study a model for the reserve of an insurance 
company that falls into bankruptcy at the hrst time where the value of the reserve is below a 
random level depending only on the value of the reserve prior to the latest ruin, as described by 
the authors in [16]. 

The rest of this paper is organized as follows. In the Section 2 we introduce some further 
notation and recall some general facts of fluctuation theory of Levy processes. Then in Section 3 
we build SNLP conditioned to avoid zero up to an independent exponential time and describe the 
behaviour of this probability measure as the starting point tends to zero, so to obtain its entrance 
law, and then we enlarge the time interval where the conditioning applies. After performing this 
construction in Section 4 we recall some general facts about excursion theory away from zero for 
X and then we provide a description of the excursion measure in terms of the excursion measures 
of the process reflected in its inhmum and supremum, respectively. Our main results are stated 
at Sections 3 and 4 and their proofs are in Sections 5, 6 and 7. 

2 Preliminaries on fluctuation theory 

Let G be the space of right continuous functions with left limits from (0, cxo) to M, endowed with 
the Skorohod topology. Let T stand for its Borel a-algebra. For any path a; G G, we dehne its 
lifetime by 

(■(a;) = inf{t > 0 : u{s) = a;(t). Vs > t}, inf{0} = cx3. 

For any x G M, we denote by r+, respectively t~ , the hrst passage time above, respectively below, 
the level x for cj, i.e. 

= inf{f > 0 : u{t) > x}, t~ = inf{f > 0 : u{t) < x}; 
and by the hrst hitting time of x, i.e. 

= inf{t > 0 : u:{t) = x}. 

We denote by X the canonical process on G. In other words, Xtiu) = a;(t), t > 0, and we consider 
a probability measure P on (12,7^), under which the canonical process X is a SNLP started at 0 
with Laplace exponent T satisfying (1). Recall that for x G M, we denote by P^, the law of X -|- x 
under P. Accordingly, we shall write Ej, and E for the associated expectation operators. By P we 
denote the law of the dual process X = (X* := > 0), under P. 

We also denote by (Xt, t > 0) the natural hltration of X completed with the P-null sets of 
X. Often we will consider continuous and bounded or measurable and positive functionals of the 
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canonical process, so we introdnce the classes, for t > 0, 


= {F : [0, f] X —)■ M, F is B{[0, t]) ® Ft-measnrable and bonnded}; 

Ct = {F G F is continnons w.r.t. Skorohod’s topology}; 

'H(M) = {/ : M —)■ M, / is measnrable and positive}, C(M) = {/ G 'H(M), / is continuous}. 

As usual we denote for f, s > 0, by 6t the shift, 0tu{s) = u{t + s). 

In the sequel, we will work under the assumption that 0 is regular for {0}. Recall that the 
latter is equivalent to require that X has unbounded variation, which in turn holds if and only if 
either 

cr^ > 0 or / (1 A |a;|)n(da:) = cx). 

J (— 00 , 0 ) 

A further differentiation between the cases where > 0 and = 0 will be necessary later. It 
is important to note that X]s>o fhe point measure of jumps of X with AX^ = X^ — Xs_, 

s > 0, is a Poisson point measure on (0, cxo) x M \ {0} with intensity measure A 0 If, where A 
denotes the Lebesgue measure on (0, cxd). The compensation formula for Poisson measures implies 
that for any predictable process {Gt,t > 0) taking values in the space of non-negative measurable 
functions on M, such that Gf(0) = 0, for all f > 0, the following identity holds 


E 


Gs(AX^)1{ax,5^o} 

.0<s<oo 



n(d2/)G,(2/) 




see e.g. [1] page 7. 

2.1 Fluctuation theory 

For each g > 0, we dehne the g-scale function as the unique function : M —)• [0, cx)), such that 
pp(g)(2;) = Q fQj. all X < 0 and on (0, oo) is continuous and with Laplace transform 

roo 1 

/ = —-, A>J>(g)i 

Jo T(A)-g 

where ‘F(g) = sup{A > 0 : T(A) = g}, which is well dehned and hnite for all g > 0, since T is a 
strictly convex function satisfying T(0) =0 and T(oo) = oo. For convenience, we write W instead 
of fF(°h 

We denote by 

It = infjXs A 0} and St = supjX^ V 0}, 

s<t 

the past inhmum and the past supremum, at time t, for f > 0. Recall that the process X reflected 
at its past inhmum {Xt — It,t > 0), respectively at its past supremum {St — Xt, f > 0), is a strong 
Markov process with respect to the hltration {Ft,t > 0). As it is customary in huctuation theory 
of Levy processes we denote by n, and n, respectively, the excursion measure of X rehected at its 
past inhmum, resp. at its past supremum. In recent years there has been an important research 
activity describing the excursion measures n and n, see for instance [3], [4], [6] and the references 
therein. These measures will play a crucial rol in our description of n, the excursion measure away 
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from 0. Similarly to Duquesne [6], we consider excursion measures, n and n, that record the 
hnal position of the excursion which describes the amount of the excursion overshoots when 
X attains a new local extrema. 

A crucial point in our arguments is the so-called spatio-temporal Wiener-Hopf factorisation. 
In particular, it says that for any g > 0, the Laplace exponent of X can be written as follows 


q ^ ^(g,o) ^(g,o) 

g-d'(A) K{q,-X)K{q,X)' 

where k and k are given by 


A > 0, 


K{a, (3) = $(«) -|- /5, 


K(a, (3) 


a-'^{(3) 
^{a)-(3' 


a, > 0, 


and represent the Laplace exponents of two bivariate subordinators ((di, iLt), t > 0) and ((at, iL*), t > 
0 ), (each coordinate is a subordinator), viz. 

K(g, A) = log E (exp{-gcTt - XHt }), A, g > 0. 

In particular, we observe that the following identity holds 


g = fi:(g,0)K(g,0), g > 0. 

The subordinator H, respectively H, has the same image as the supremum, respectively inhmum, 
process of X, and the subordinators a and a have the same image as the points of times where X 
reaches its past supremum and past inhmum, respectively. Furthermore, since the processes has 
no positive jumps {{at, Ht), 0 < t < C) has the same law as {{r^, t), 0 < t < Soo)- 

The Wiener-Hopf factorization, when restricted to time, implies that there are constants a,a> 
0 such that for any (3 >0 


$(/?) = a/3 + n{ep < (), 


®(0) = n{C = oo); 


= a/3 + n(e^ < C), lim = n(C = oo), 

and aa = 0. Since X possesses paths of unbounded variation both a = 0 and a = 0. In the case 
when the Wiener-Hopf factorization is restricted to space, we have 



^(A) = (A-<I>(0))k(A), A>0, 


( 3 ) 


where k(A) := k( 0. A), A > 0, denotes the Laplace exponent of H, also known as the downward 
ladder height subordinator. The Levy-Khintchine description for k{-) is given by 


with 


a 


k(A) = T'(0+) V 0 + ^A + / njj(da;)(l - 

^ ./n 


Uq{x) := njy(a;,oo) = / d^e-^^^^'H {z), 


X > 0; 
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and n (x) = n( —oo,—x), for X > 0. The reader is referred to the monographs of Bertoin [1] 
and Kyprianou [12] for a complete introduction to fluctuation theory of Levy processes, and in 
particular to Chapter VII in [1] and Chapter VIII in [12] for the specihc case of spectrally negative 
Levy processes. 


For /3 > 0, let g^, : R ^ M be the functions dehned by 



> ep) 

n{C> e/3) 


90 (x) 


^xjro > eg) 
e/ 3 ) 


1 _ 


X e R. 


The results by Chaumont and Doney [3] imply that the function g'^, respectively g~^, are excessive 
for the process X killed at its hrst passage time below, resp. above, zero. Moreover, they proved 
that g'^, resp. g^, converges, as ^ 0, towards an excessive function for X killed at its hrst 
passage time below, resp. above, 0, which is in fact invariant when X does not drift towards — 00 , 
resp. towards +cxd. Moreover, this convergence is monotone increasing. Hereafter, we will denote 
these limits by g^, and g~, respectively. Furthermore, the fact that X is a SNLP implies that 


9 (^) 


2 — e'^(o)x 

m 


X < 0, 


and the right most term is interpreted in the limiting sense when $(0) = 0, equivalently \k'(0+) > 
0, and it is hence equal to |x|. Hereafter we will denote by g the function 

1 _ g4’(0)a; 

= j,( 0 ) • ^ 

where as above, the quotient is understood in the limit sense when $(0) = 0. We also have 


^'■'■(x) = IF(x), X > 0. 


Chaumont and Doney [3] showed that in general the law of a Levy process conditioned to stay 
positive or to stay negative, here denoted by and E'*' respectively, are obtained via a Doob 
h-transform, i.e. 

IPll.Ftn{t<C} = lp<ro-}^a:|x-t, X > 0, (4) 

and 

= g-(x) a; < 0. (5) 

One of the main results in [3] establishes that the excursion measures of X reflected in its inhmum, 
n, and reflected in its supremum, n, can be constructed as limits of the law of X killed at its 
hrst passage time below and above 0, respectively. Namely, there are constants c+ G (0, cxo) and 
c_ G (0, oo), such that for any f > 0, and F G Ct, 

lim —^Ej, (F, t <Tq) = c+n (F, t < () and lim —^E^, (F, t < Tq) = c_n (F, t < (). 
x^0+ g+[x) x^O-g [X) 
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where n denotes the push forward measure of n under the function that maps a path w E fl into 
its negative —w. Furthermore, we have 


lim E' (F,: 




lim Ei{F,t < C) = C-n{Fg < (). 

x—>-0— 


The constants c+ and c_ depend on the normalization of the local time at zero for the process 
reflected in the inhmum and supremum, respectively, and so hereafter we will assume that these 
have been normalized i.e. c+ = 1 = c_. 

We recall that the g-resolvent of X is dehned as follows 

roo 

Ug{dy) := / e-^*P(W e dy)dt, y eR, 

Jo 

is absolutely continuous with respect to Lebesgue measure and its density is given by 

u,{y) = - W^^\-y), yER, ( 6 ) 

see for instance Corollary 8.9 in [12] and Exercise 2 in Chapter VII in [1], Corollary 18 in Chapter 
II in [1] imply that 


P,(efl < To) = 1 - = 1 - y € B, (7) 

The following identity will be needed later, for any / : —)■ M’*' measurable 

Kyf(x) :=E, (/(W--.V,-)1(X,__>0). T„- < ej) 

poo p 

= / dy - y)) / n{dz)f{y,y + z), 

Jo J {—oo,—y) 

which can be deduced from Theorem 2.7 in page 123 and equation (48) in page 125 in [11]. The 
above expression dehnes the kernel 

Kf,{x,dy,dz) := {e-^^^^yW^^\x) - W^^\x - y)) n{dz - y)dyl{y:,o,z<o}, x > 0. (8) 

When = 0, we simply denote this kernel by K. A similar identity also holds under the measure 
n. Indeed, using that under n the canonical process has the same transition probabilities as X 
killed at its hrst passage time below 0, it is easily verihed that for any t > 0, F E 'Hb,t 

n(F/(Ac_,Va,f < C < ey) = niFKyf{XO,t<CAey). (9) 


3 Conditioning to avoid 0 up to an exponential time 

In [15], Panti gave a construction of Levy processes conditioned to avoid zero under some tech¬ 
nical conditions, none of them being exclusive of spectrally one sided processes, but rather some 
integrability properties on the characteristic exponent are required. The hrst step in our con¬ 
struction is rather similar to that in [15], in other words we start by constructing the process 
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conditioned to stay positive up to an independent exponential time of parameter /3, here denoted 
by e^. Then, in [15], the parameter (3 is sent to 0 and the existence of a non-degenerate limit is 
established. Here we make a more detailed study by hrst showing that the process conditioned 
to avoid zero can be started from the origin and then the limit law is studied as the parameter 
(3 —)■ 0-|-. We will see that in our particular case, i.e. SNLP, the assumptions in [15] are not relevant. 

Let denote the law of the process X issued from x and killed at e^, and hp be the function 
dehned by 

hp{y) := up{^) - up{-y) = $'(/?) (l - + {W^^\y) - W(«(0)) , y G R. (10) 

Since X has unbounded variation paths, we have kL(0) = 0. This function plays a crucial role in 
our construction because it is an excessive function for the process killed at e^, and in fact it is 
related to conditioning to avoid 0, see [15]. The reason for the latter lies in (7), which implies the 
equality 

hp{y) =up{Q)'S>y{ep <Tq) =up(Gi)¥'^y{To = oo), ?/G R. (11) 

For > 0, let E^’° denote the law of X under E^ killed at its hrst hitting time of zero. For 
simplicity when /3 = 0, we replace E°’° by E'^. Observe that this is equivalent to killing X under 
the law E at time Tq A e^, and the reason for this is that the action of killing at Tq, the process 
killed at an exponential time, is equivalent to killing the original process at whichever come hrst, 
the ringing of the exponential clock or the hrst hitting time of 0. In particular the semi-group of 
X under E^’°, which will be denoted by > 0), has the following form 

Pf’°(a;, d|/) := Pf (W e dy,t < To) = P,(W e dy,t < To A ep ) = e-^*P,(W ^ dy,t < To), 

for X, ?/ G R, f > 0. We denote by (P|’^,x G R \ {0}) the law (P^’°,x G R \ {0}) conditioned on 
the event {Tq = cxo}, which has a strictly positive probability since 

Pf’°(To = cx)) = P,j,(To > e/j) > 0, x G R \ {0}. 

Thanks to the Markov property, we observe that the law P^’^ coincides with Doob’s h-transform 
of E^’° associated to the excessive function hp, which is characterized by the relation 

EF (l{Fn{t<C}}) = {'^{Fn{t<^}}hpiXt)) , P G P), f > 0, x G G R, hp{z) ^ 0}. 

np[x) 

A natural question is whether the process conditioned to avoid zero up to an exponential 
time can be started from 0. If we take into account the case of a Levy process conditioned to 
stay positive, we can realize that the answer should be positive in general. Not only that, the 
knowledge of a SNLP conditioned to stay positive gives some intuition of a way to construct such 
process. Namely, one should hrst chose the sign of the path immediately after leaving zero, if the 
the sign is negative the path should keep that sign forever and so it should be a process conditioned 
to stay negative and started from zero; if the path starts positive it should either remain positive 
forever, and hence it should be a process conditioned to stay positive and started from 0, or else 
stay positive for a strictly positive amount of time and then jump to a level strictly negative 
and remain negative forever, which is a behaviour that can be reproduced by concatenating an 



excursion of the process reflected in the infimum with a process conditioned to stay negative. This 
also suggest that we need to differentiate on whether the process starts from zero from below or 
from above and hence consider two initial states 0+ and 0 — . Then a suitable state space for the 
process conditioned to stay positive is Eo± = (—oo,0—] U [0+,oo), the topological direct sum of 
(— 00 , 0] and [0, 00 ). 

We will show below that the construction described above can be performed formally by 
letting X —)■ 0+ and x —)■ 0—. An evidence that this project is amenable can be found in [14] 
where the following Lemma is proved, and from it one can actually derive a finite dimensional 
convergence. 


Lemma 1 ([14]). Let 


Uf\x,dy) := EP 




denote the X-resolvent of the canonical process under the law We have 


u}:h^,Av) 

dy 




•f- o 

• as X t 0 (respectively, as x f d) the measure Uf {x,dy) converges weakly towards a finite 
measure ul^'^{0—,dy), (respectively, f/|’^(0+, dy)). 

This is essentially the Lemma 4.4 in [14], where the proof is given for /3 = 1, but a perusal 
of Millar’s arguments allows to ensure that the parameter 1 in the exponential time has nothing 
special and then it can be replaced with any /3 > 0. We will not develop the idea of establishing 
from this Lemma a hnite dimensional convergence because we will establish a stronger type of 
convergence. This is the purpose of the following theorem. 


Theorem 1. Let X be a SNLP with unbounded variation paths. For fi > 0, there are non¬ 
degenerate probability measures Pglf and Po+, which are the weak limits of the measures 
either as x fd or xf d, respectively, and they are characterised as follows, 

(i) for any t > d and F G Ct, 

W(F, i < C) := lmEP(F, i < C) = < C A e^); 


(a) for any t > d, s > d, F E Ct, G E Cs, and / : —)■ M continuous and bounded. 


Ejf (^/(w--, V.-)G ° K-,t < r„- < r„- + i, < C) 

= < V + « < C) 

= 1 - < O.t < C < efl); 


(Hi) for any f > 0 and F E Ct 


Ejf (F, t<CWo = 00 ) = lim E|^ (F, t < (Wo = 00 ) 


$'(/?) 




n(F,t < e^ < C). 
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So far we have been able to build a SNLP conditioned to stay positive with state space 
up to an a.s hnite time. The hnal question is whether it is possible to dehne this process over an 
interval of inhnite length. For that end, we make now /3 0. 

Theorem 2. Let X be a SNLP with unbounded variation paths. We have the following conver¬ 
gences 

(i) for any t > 0, and for any F E Ct 


l\mElf{F,t< 0=^Fg-{Xt)N < C); 

P4-U 

(a) assume U ^ 0, if either X drifts towards —oo or does not drift to —oo and the variance is 
finite, then for any t > 0, s > 0, F E Ct, G E Cg and / : —)■ M continuous and bounded 

function we have 


lim 


<r,- + s<CIV <0 

n (G, s < C), t < C < oo) (^3) 

Zl(^“(^c)’C < oo) 


with 

poo 

Ik{9~iXc)X < oo) = / {y)dy < oo; 

Jo 

while if X does not drift to —oo and the variance is infinite the above limit is egual to zero. 
(Hi) for any t > 0 and F E Ct 

hmEif (F,t < CItq- = oo) = n (F^+(X,),t < C) = E^(i"lp<C})- 

P4'U 


4 Excursion theory from 0 for X 


Since we assume that 0 is a regular point, there exists a local time at 0, i.e. a continuous additive 
functional of X that grows only on the instants where X visits 0. By the formula (2.4) and (2.6) 
in [7], we have that the local time is related to m.( 0) by the formulas 

nA( 0 )=E(^^ 


E(exp{—Art}) = exp 


u\{0) 


A > 0, 


with r as dehned in (2). This implies that the Laplace exponent of the subordinator r is given by 
l/<h'(A), A > 0. Moreover, since the local time is the unique, up to multiplicative constants, that 
growths only at the instants where the process X visits 0, it follows that there exists a constant 
(5 > 0 such that 

5Lt = [ l{x.=o}ds, t > 0. 

Jo 
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The constant 6 coincides with the drift of the subordinator r, and hence by Proposition 2-(ii) in 
Chapter I in [1], we have that 


5 


lim - 

A^oo A<h'(A) 


0 , 


and the hnal equality follows from the fact that is the inverse of T and (1). 

The master formula in excursion theory guarantees that if Q denotes the set of left extrema of 
the excursion intervals then 


E 


sGQ 


E 



n(F), 


where 6 denotes the usual shift, Z is any positive predictable process, and F any positive measur¬ 
able functional. This formula is one of the main tools for performing calculations using excursion 
theory. One consequence of this is 


ma(0) 


1 

n(l — e~^^) ’ 


A > 0. 


A further consequence is the first exit decomposition formula, it states that for any / G "H 


E, (/(X*)) = E, (/(Xi)lp<r4) + E, 


dL,n(/(Xi_,),f 



t > 0, 


see for instance formula (7.19) in [8] for its proof. Essentially by integrating this with respect to 
on (0, cxo), and applying the strong Markov property at Tq, we obtain the classical formula 


UJ{x) 


Ex 




n(l — e~i^) 


It is also known that, under n, the canonical process is still Markovian with the same semigroup 
as X killed at Tq, i.e. 


n{F{Xs,s < t)f{Xt+s),t + s <C) =n (^F{Xs,s < t)Ext (/(X^),s < Tq) < cj, t > 0,s > 0, 

for any F ^ Tit and f E TL. An useful consequence of the Markov property under n and the fact 
that X]s>o '^(s,AXs)) is a Poisson point measure on (0, cxd) x M \ {0} with intensity measure A ® If, is 
that the compensation formula still holds under n. Namely, for any predictable process G taking 
values in the space of non-negative measurable functions on M, such that Gt(0) = 0, for all t > 0, 
we have the identity 


n 


,0<s<oo 


= n 



[ n(d|/)G*(i/)'). 

^K\{ 0 } / 


(14) 


The previous identity follows easily from the fact that under n the coordinate process is Markovian 
with the same transition semigroup as that of X killed at Tq. Notice that this fact actually holds 
for any Levy process for which 0 a is regular state. 


11 





A key in understanding n is its associated entrance law > 0), defined by 


ntf-=n{f{Xt),t<C), t> 0 , 

for / G 'H. A consequence of Theorem 3.6 in [7] is that there is a constant c > 0 such that 


/ 


'OO 



e rit fdt = c 


( 15 ) 


This fact implies the following useful identity 


n 



'OO 




( 16 ) 


which holds for any A > 0 and any f E T-L. The latter follows by observing 


n 



where the first identity is consequence of the fact that under the excursion measure the events 
{tq > s} and > 0} coincide, since the process does not have positive jumps. Another 
consequence of the identity (15) is that there is a bi-measurable function p{-, ■) such that 


_^ n{Xt E dx,t < C) ,, ^ P 3 ,(To G dt, To < cx)) 




See Theorem 3.6 in [22] or Proposition 10.10 in [8] for a proof of this fact. On the other hand, the 
absence of positive jumps implies 


p{t,x)dt = P 3 ;(To £ dt,To < cxo) = P(r^ G dt,T^ < oo), x > 0. 


But identity (8) in page 203 in [1] ensures the existence of a constant k' such that 

p(t, x)dtdx = P(r 2 f G dt, < cx))dx = k'n {Xt G dx, t < Qdt, x 7 ^ 0, t > 0. 

Putting all the pieces together, we deduce the equality of measures on (0, cx)) x (0, cx)) 

n{Xt G dx, t < ()dt = k'n (Xt G dx, t < () dt. 

This identity suggest that we should expect the equality of measures 

n{Xt G dx, t < Tfd) = k'n {Xt G dx, t < () on (0, 00 ), for each f > 0. 

One of our main results estates that this is indeed the case. Later, we will focus on describing not 
only the entrance law but n on Xt for each t. For that end, it will be crucial to understand the 
sign of the excursion near to its starting point under the measure n. 
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Let Sq be an independent exponential time of parameter q > 0, gt = snp{s < t = 0} and 
Gq = ge^. Define the events 

= {^Gg+t > 0 for all snfficiently small 0 < t < eq — Gq}, 

= {^Gg+t < 0 for all snfficiently small 0 < t 

P. W. Millar proved, in [14], that for any SNLP withont Ganssian component, i.e. = 0, 
= 1, and P(M“) = 0; while if > 0 then P(M’^),P(M”) > 0 and P(M’'’) + P(M“) = 1. An 
application of the master formnla gives the eqnality 


P(M+) 


n > 0 for all snfficiently small 0 < f < e^}, eq < ( 

n{eq < 0 


and 


P(M") = 


n ({Xt < 0 for all snfficiently small 0 < t < eq},eq < ( 

n{eq < 0 


We dednce therefrom that if = 0, nnder n, the excnrsions always start from 0 from above, and 
if cr^ > 0 then some excursions start from 0 from above and others from below, but there are no 
excursions oscillating from above and below zero immediately after starting. In any case, because 
of the regularity of zero, under n, the excursions start from 0 continuously, n(Xo+ 7 ^ 0 ) = 0 , see 
e.g. (2.9) in [14] or Theorem 2.7 in [22]. 

In the following Lemma, which we hnd interesting in itself, we determine the rate of excursions 
that last longer than an independent exponential r.v. and never change sign during its life time. 
We also describe those excursions that change sign before or after an exponential time. 


Lemma 2. For any /3 > 0, we have the following identities 
(i) n(C > e^) = and n(C = 00) = = T'(<I)( 0 )+); 

2 

(%i) n(e^ < ( = Tff < cx)) = y (<!)(/?) - <I)( 0 )), and = 00 ) 

+00, in which case 


0, unless X drifts towards 


n{TQ = 00 ) = T'( 0 +); 

pOO 

(Hi) n(0 < Tq" < Bp < () = <h(/9) / {u)du, and n(0 < Tq" < C = 00 ) = 0; unless X 

Jo 

drifts towards — 00 , in which case 

poo 

n(0 < Tq < C = 00 ) = *^(0) / (■u)dM; 


(iv) n(ro = 0 ,e^ < C < 00) = y (<h(/ 3 ) - $( 0 )) , and n{T( 
towards —00, in which case 


0 , C = 00) = 0 , unless X drifts 


'Tii^o = 0 ,C = 00) = y 4 >( 0 ); 
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(v) n{ep < To < c) = / n (?/) (e 


-$(0)y 


-HP)y^ d|/. 


The proof of this result will be given in Section 6 . We have now all the elements to state our 
hnal main theorem. 

Theorem 3. The excursion measure n is carried by the union of the following disjoint sets 

£- ■= {^o" = 0 < C}, £+ ■= {0 < tq = C}, £± ■■= {0 < tq < C}, 

n{£_) > 0 and > 0, if and only if > 0; while n{£±) > 0 z/ and only ifUj^O. We have 

the following descriptions. 


(i) For any t > 0, 


(a) For any t > 0, 


1 n = —n 

^0 J'tn{t<C} 2 J^tn{t<C}' 


l{ro-=c<^} 


= ^W\Xt)n 
jrtn{z<C} 2 


.Ftnp<C} 

(Hi) for any t > 0, s > 0, and functionals F G Tit, G G TLs, / : —)■ M"*" measurable 

n (f, n{t< r„-, A',- < 0}/(A;-_, A,-)G o + s < To) = n(FK(/H)(X,),t < () . 

where H[z) = E° (G, s < Tq) , for z < 0 and K{x, dy, dz) is the kernel defined in (8). 


5 Proof of Theorems 1 and 2 


5.1 Some elementary results for hp 

Here we establish some elementary facts for the function hy that will be useful hereafter. The hrst 
Lemma describes the behaviour of hg near zero. 

Lemma 3. The function hg satisfies that 

3;to |a:| 

and 

Proof. The hrst claim follows from the fact that = 0 in (—cxo, 0]. Moreover, according to the 
series representation for scale functions, 






i>o 
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where denotes the fc-th convolution of W with itself, see for instance identity (3.6) in page 

132 of [11], and the inequality 

< xW{x)W*^^\x), x>0. 


We deduce that W^^'>{x)/W{x) ^ 1 as a: 0, which together with the fact W'{Q+) = see for 
instance Lemma 3.2 in [11], easily leads to the second assertion. □ 

In the following Lemma we describe the limit of as 13 ^ 0. For that end, we will need the 
constant A dehned below 

if 'LhO+'l < 0 

if>P'(0+) = 0. (17) 

0, if'I''(0+) > 0. 


Lemma 4. The following limits hold 
(i) for X < 0, 

haix) , 1 _ e'J’(o)3; _ 

$(/3)<F'(/3) $( 0 ) ^ ^ 

where the right-hand side is interpreted in the limiting sense when *h(0) 
\[''(0+) > 0, and it is hence equal to |a;|; 


(a) for X > 0, 

hg{x) 

/3™o <I>(/3)<F'(/?) 

where we understand x ~ if A = 0. 

(Hi) for X G M, 


g{x) + -jW{x), 


0 , equivalently 


9{x) 


hp{x)m3) 
/3^o (3^'{I3) 


( ^+(x)l{a;>o} - ^77^a;, if 47'(0+) = 0, 

< ^+(x)l{,,>0}, if 4''(0+) > 0, 

[ cx), if \h'(0+) < 0. 


Proof. The claim in (i) follows from the dehnition of hg and the fact that the function A i—)■ 
(1 — e~^)/\ is non-increasing. The proof of (ii) and (iii) in this lemma is elementary, we just need 
to remark the following estimate as /9 —)■ 0, 


JL_ I it »'((>+) S 0. 

<l>"(/3) ~ li 4 )' it'I'W < 0 , 

and observe that the following identity holds 


hg(x) 


m .... ^( 1 -^ 

/3^'(/3)^hy I {-> 0 }+ ^ 


□ 
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5.2 Proof of Theorem 1 


Proof of (i) in Theorem 1. Since X is spectrally negative, we observe that its transition probabil¬ 
ities when issued from a; < 0 satisfy 

Pf’°(a;, dy) = Ef e dy, t < T{o}) = G dy, t < A e^) = [Xt G -dy, t < Tff) . 

From the results in [3], we obtain the convergence 

hm-^Ej,(P, f < Tq A B/s) = n{F,t < C A e^), 


for F E Ct, t > 0. On the other hand, since X has paths of unbounded variation, the function 
is continuous and bounded. Indeed, is continuous at 0, by Lemma 3.1 in [11], and hence it 
is continuous everywhere owing to the fact that it is also a subadditive function. The result now 
follows from an application of Lemma 3, as the following calculation now shows 


eP (f, i < c) = 


|x| Eft°(Ft<C.ro^«3) 

hy{x) |a;| 

Ixl EA°(Ph^TO,t<c) 

hy{x) |a;| 

|a;| Ea; [Fhp{Xt),t < T[o,oo) A e/j) 
hy{x) |a;| 


n{Fhfi{Xt),t < C A e^). 


xto $'(/?)$(/?) 


□ 


For the proof of (ii) in Theorem 1, we need the following lemma. 

Lemma 5. For any t > 0 and F E Ct, the following convergence holds 

‘is (^. * < S C) = «(f. ( < C < eP . 

Proof. Observe that for a; > 0,t > 0 and F E Ct we have the equality 

Pf’°(P, t < To” < c) = ^xiF, t<TQ < To A e^) 

= E^{Fe~^'"o <-To ) 

= E, (pEx, (e-^"°')e-^‘,t<C), 

where in the second equality we used the fact that when the process starts from a positive state, 
then Tq < To, a.s.; and in the third equality, we used the Markov property. Recall the identity 

where = 1 +/3 yeti, 
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which can be found in Theorem 2.6 in [11], Since the process has paths of unbounded variation, 
the function from above is continuous and bounded. Using these observations together with 
Proposition 2 in [5], it is easy to check that the following limit holds 

Ito (F, i < < C) = « (fEx, (e-'”-.- ) e-'*-, t < c) . 

for F E Ct, t > 0. Furthermore, using that under n the canonical process is Markovian with the 
same semigroup as the original Levy process killed at the first passage time below zero, we get 
the identity 

n (^FExt j t < (^ = n(Fe“^^, t < () = n{F, t < ( < e^). 

This implies that the convergence in the statement holds. □ 

Proof of (a) in Theorem 1. Let F and G be as in the statement of Theorem 1. Observe that the 
Markov property applied at the stopping time Tq implies that the expression on the left hand side 
of (12) can be written as 


EL/3 


<T„ +s<c) 

Ef”(F/(Ay-_, X^-)G o < T„- < r„- + s < C, To = (x.) 


Pt°(r„ = oo) 


Ef” (^F/(Ay-_, Ay^)l,.v (G,s < C,T„ = oo),( < r„- < c) 


PS" (To = oo) 

j Ef» ('F/(Ay-, A..-)'G(W-)l(x.<o)Ejy (G.i, < C|T„ = oo),( < r„- < C 


(18) 


u 


s(o) 


pS"(r„ = co) 


Ej’» ( 


, E/(A A -)Aj(A -)l,;o -<olEf_ (G,s < C|r„ = ^),« < V < C 

\ U U U Tp T-p 


hf^ix) 

Moreover, the assumptions on G imply that the function 

(G,s<C|To = oo), 


is a continuous and bounded function. A consequence of the former identity and this observation 
is that we can restrict ourselves to the case where s = 0 and G = 1. So, it is enough to analyse 
the expression 


1 

hp{x) 


E^J 



1 <0} U < 'To 



And it is worth observing that the latter expression coincides with 


E!’' 
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as it can be easily verified taking s = 0 and G = 1 in (18). As a further consequence of the Markov 
property and identity (8), we have 

Ef" (Fft^(X,-)/(V--.< C) = E,[FK4fhMX,)e-^‘,t < r„-). 

The assumption of unbounded variation paths imply that for any / : —)■ M continuous and 
bounded, the mapping x i— )■ Ki 3 {fhi 3 ){x), is continuous and bounded in (0, cxd). The above facts 
allow us to infer the following series of equalities 

limEF(F/(V- , V-),i < r„- < C) 




= limEf»(F/(A' -_,.Y -),( < T„- < C|T„ = «d) 

0^4.0 u u 


= lim 


3:4-0 hj3{x 


-EO/ (f/(.Y,-_, Ay-)l(x,-<o>ftfl(Ay),( < r„- < c) 


(19) 


lim ■ 


-Er (FA^(Ay-)/(Ay-_,.Y,-),( < r„- < c) ■ 


^10 W{x) 

Observe that the limit in the right hand side of the previous identity is equal to 
1 


lim 


-Ef'»(FA>(ftj/)(A,),i<T„- <C) =n(FA>(;i,5/)(A,)e-'’‘,«<C). 


3:10 W{x) 

We conclude the proof by applying the Markov property under the measure n, to show that the 
right hand side of the above is equal to 

□ 

Proof of (Hi) in Theorem 1. We start by observing that for x G M \ {0}, the following identity 
holds 


pp (tq = CX)) = 


(h) = ^ ) 


Pf’°(To = cx)) Pf’°(To = cx)) ■ 

The latter is consequence of the definition of P^’^ as the measure P^’° conditioned on the event 
{To = oo}. Using the previous identity, the Markov property and Proposition 2 in [5], we deduce 

(T,t < C,ro- = oo) = eP (Tl|x.>o,t<c}P|f (^o” = oo)) 

■Ea; ^Tl{Xt>o,t<roAe,3}IPxt (”^0 ~ oo) P^^ (Tq = oo)) 


Pf’°(To = oo) 
1 


P^’°(To = oo) 
1 


-Et (T1 


pf’°(To = oo) V h<Fo} V JJ 

^ - (^FEx, (l - ) e-^\ t < c) 


-to (1 _ ^$/(/3)<|.(/?)) 

$'(/?) 


(1 - 4«h'(/3)«h(/3)) 


n(T,t < < C), 
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for every t > 0, and F ^ Ct- □ 

Lemma 6. Let X be a SNLP with unbounded variation paths. We have the following convergence 
(i) for any a: < 0, t > 0 and for any F & Ct 

E*(F, i < C) := lim EP(F ( < C) = Ei (F, i < C) 

P-IX) 

(a) for any x,t > 0, s > 0, F E Ct, G E Cg and / : —)■ M continuous and bounded 

ImEF o F-. t < ^ < r„- + s < c) 

= < 0,t < r„- < c), 

where the constant A is defined in (17). The right-hand side in the above equation is equal 
to zero if \l/'(0+) > 0 or the variance of X is infinite. We also have 

1™eF (f f{X^-_,X^pG o 0 ^-,t < < V +s < C V < c) 

E, (Ff(X -_,X-)9-{X,r)Ux _<o)4 _ (G.s < 0 ,t < F < T,)) 

y 0 0 u tq Tp y 


(Hi) For any x, t > 0, and F E Ct 


\ 9 ~ P^r- < T( 


< Cko = oo) = pl{t<C}) • 

Proof of Lemma 6. We first start with the proof of part (i). Let F E Ct. For any x < 0, we have 
the following relation 

eF(F; ( < C) = ^EF(FAfl(.Y,)) = ^E, (Fl(,<afti,(A',); ( < T„ A e^). 

Using that <F is increasing, it is easily veryhed that the fnnction 

hy(x) (1 — 


J(/?,x) := 


<F(/3)$'(/3) 


m 


is decreasing as a fnnction of /5 > 0, for each hxed x < 0. Therefore by monotone convergence we 
obtain 

hmEP(F,t < 0 = \un--^E^{Fhy{Xty,t < To A eg) 

/ 34-0 hg[x) 

$(/3) / 1 - e‘^G)Xt 

= lim ^- xttwE.t, I F --; t < Tq 


/3to 1 - 

= E. ( F^-^ 


m 


9 

= Ei (F,t<C), 


<C 
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where in the last equality, we used the identity (5). 

We now proceed with the proof of part (ii). Let F, G and / be as in the statement of Lemma 
6 . The identity (18) in the proof of (ii) in Theorem 1 implies that for x > 0 

eP X^-)G o T„- < r„- + s < c) 

= (G.s < O.i < r„- < c) • 


Also from the part (i) in Lemma 6 , we have 


< C) l{x _<o} — '^x_ {G,s < C) l{x _<o}- 

p4-0 t-q '^0 -^0 ’’o 


— 1171 


By a dominated convergence argument and (i)-(ii) in Lemma 4, we get 

limEP {Ff(X^-_, X^- )G o 9 ^-, t < T„- < V + s < c) 


/34.0 h^(x) 

A 


{X _<0}E|^_ {G,s <C),t<TQ < C 


ILAMe'’-" Ffix X i-hAiTi 

hJfr) ^ -0-’ -0 ^<|.(/5)<|./(/5)^t%- 

A«(U + (G,s<C),t< r„- < r„) . 


with A dehned as in (17). Recall that A = 0 whenever \I/'(0+) > 0, or the variance of X is inhnite 
and hence the latter factor equals zero for all x > 0 . Analogously, performing similar calculations 
we obtain the conditional limit in (ii) in Lemma ( 6 ), i.e. 


eP {Ff(^r„--.K,-)Goe^-,t < r„- < r„- +0 < C|r„- < c) 

Ef." (f/(A A -)V(A -)l,x _<o>eP_ (G,s < C),i < ^ < c) 

y u u U Tq y 

EP (/!pA,-)l|x^_<„,,r„- < c) 

E, (F/(.Y,-,.Y,-)j-(Ay-)l,x^^„,Et (G,s < C),i < t„- < 


/3->0 


^xig (-A-)1{X _<0}, R < 7c 


which completes the proof of part (ii). 

Finally, we prove part (hi). Let t > 0, and F G Ct- From the results by Chaumont and Doney 
[3], we have 


lim E 3 , 

/3->0 


^{t<roV 


„-/3t 


Pxt (tq > e^) 

niC > e/ 3 ) 


(^i(.<.„-)p(-^*)) ■ 


Since we assume that X does not drift towards — 00 , we deduce 


ll(C > 6/3) ^ M/ 3 ( 0 )Ri(C > 6/3) ^ /^ 4 >X/^) 

P^’°(To = cx)) h/3(x) <F(/?)h/3(x)' 
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The limit of this expression has been calculated in part (iii) in Lemma (4). Therefore, we have 
the following identity for x > 0 


lim E|’^(F, t < = oo) 


lim limE, 

/3^0 Pf’°(To = oo) /3^0 

(Fl,<o) . 



{*<"^0 } 


e 


-0t 


Pxt (^0 > 6 / 3 ) ^ 

Ikic > e/3) J 


Moreover, when X drifts towards —00, the function g takes the value cxd and therefore the latter 
limit is equals zero. To hnish, notice that taking F, f = 1, and performing similar calculations 
to those used in the proof of part (ii), the limit of the conditional law in part (iii) in Lemma 6 
follows. This completes the proof. □ 


We now proceed to prove Theorem 2. 


Proof of Theorem 2. We hrst prove part (i). Let t > 0, and F G C*. From the identity that appears 
in part (i) in Theorem 1, we know 

E5f (C i < 0 = t < C A e^). 

Hence, the result follows from the observation that for ?/ < 0, we have 

h 0 y) (1 - 

<I.'(/3)<I>(/?) «>(/?) ’ 

which turns out to be a non-decreasing function of fi. Therefore by an application of the monotone 
convergence theorem, we get 

hmE;f(F,t < C)=HFg-{Xt),t< C). 


For the proof of part (ii), we let t > 0, s > 0, F G C*, G G Gs and / : —)■ M, be a continuous 

and bounded function. From Theorem 1, part (ii), we have 


ESf (fW,- )G o , i < T„- < T„- + s < C) 

" (G. s < 0 . i < C < e,) . 

In particular, this implies 

pP/3 / ^ kk{h0{X(;)l{Xi_yoyX < 6/?) 

^ ° (1 - ^^'{(3)^{(3)) 

Using Lemma 4, Lemma 6 (i), and arguing as above, we obtain 


n 

lim— 

/3t0 


^ 4 -{/ 3 )#'(/ 3 ) 


/(Xc, Xc)l{Xc>0}4^ {G,s<0,t<C< 


-^U(/ 3 )$'(/ 3 ) 


1{X(;_>0}, C < 6 / 3 ) 



n (f^-(Wc)/(Xc_,Xc) 1 |x,_>o} 4 c (G, s < C) , t < C < 00) 


( 20 ) 
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To conclude, we determine the value of the expression in the denominator of the above equation. 
As under n, the Poissonian structure of the jumps of X implies 


n(9-(V{)l 


,C<oo) =n[ g-{Xt_ + {Xt-Xt.))l 

\o<t<c 


{Xt-Xt-^0,Xt<0} 


= n 


dt 


Yi{dy)g-{Xt. + y)l {Xt-+y<Q} 


Exercise 5 in page 183 in [1] tell us that the following identity holds 

/ 

n 




Using this, the dehnition of g and making some elementary calculations, we deduce 


nig {X<:)^{Xc->o},C < oo) = / dye / n(-d^) 

Jo Jo 

roo 


X _ Q^{o){y-z) 

W) 


^{y<z} 


This quantity is inhnite if X does not drift to —oo and has inhnite variance. In this case the 
quotient in (20) is hence equal to zero. Observe that such quantity is well dehned since for f > 0, 
n{t < 0 < oo. 

Now, we prove part (iii). Let t > 0 and assume that F & Ct and |F| < 1. Recall that in 
Theorem 1, we established 

W/3(0) 


< C,ro =oo) = 


which implies 


pjf (Tq = CX)) = 




n{F,t< Op < C), 


u 


/3(0) 


1 - ^<h(/3)$'(/?) 

Therefore applying the Markov property, we deduce 


n(e^ < 0 - 


ESf(F,t < CIr = cx) = =IL{F9t{Xt)e ^\t < (). 

By the monotone convergence theorem, we also have 

1 = limn (c/+(Xi)e"^*,t < () = n {g^ (Xt), t < () . 

An application of Eaton’s Eaton’s lemma yields 

]l(Fg^(Xt),t < C) < li^infn < () , 

ll((l - F)g^(Xt),t< C) < li^infn ((1 - F)g^(Xt)e-^*,t < () . 
From the three facts above we derive the following inequalities 


n 


(Fg-^(Xt),t < C) < liminf n (F 5 (+(X 4 )e < () 


/ 3 -s-O 


< limsupn (F^+(Xt)e ^\t < () < n{Fg+{Xt),t < () , 


□ 
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6 Some calculations under the excursion measure 

In this section we will first prove Lemma 2 and then Theorem 3. 

Proof of Lemma 2. The proof of (i) follows from the well known identity n{( > e^) = 




To prove (ii) we observe that by Fubini’s theorem and the Markov property under the excursion 
measure, we have 

n(e /3 < C = t-q" < oo) = n ((1 - x,=o, Xc_=o}) 

roo 


/3 I e ^ n (l{s<f,info<a<f Xs=0, X(;_=0, C<oo}) 

Jo 

= f n (l{s<c, x.> 0 }Px. (tq < oo, = 0 ) ) ds. 

V 0 

The result follows from Kesten’s identity, 

2 

P, (ro- < oo,X^- = O) = y {W'{x) - $(0)fF(a;)), x > 0, 

(see e.g. identity (44) in [11]) and identity (16). Indeed, we have that 


n(e^ < C = To < oo) = 


cr^/S 

(T^/5 


e-4-(/3)?/ _ <|.(o)IT(i/)) dy 


4 >(/ 3 ) 


$( 0 ) 


2 L^(<^(/5)) ^(<^>(/9))J 


a 


= - («I>(/3) - 4>(0)), 


where we have used the Laplace transform of scale functions and the dehnition of <h. To prove the 
second identity in (ii), observe from the Markov property that n{TQ = oo) can be strictly positive 
whenever X drifts towards oo, that is 0 < T'(0+) < oo. On the other hand. 


n(ro = oo) = limn(e^ < ( = Tq ), 


and by the Markov property under n, we get 


n(ro = oo) = limn(e /3 < ( = Tq ) = lim B n i e ^M{x,>o}Px,(to = oo)ds . 

p^o yjg y 

Using the fact that Pa;(rQ" = oo) = \k'(0+)IU(x), x > 0, the identity (16) and the dehnition of the 
scale function, we deduce that the right-hand side in the above display can be written as follows 

lim /5TT0-|-) [ e“'*’^^^'^IU(x)dx = lim = 4/'(0-|-), 

p^o^ ^ ^ Jo /J^O T($(/?)) 

which hnishes the proof of (ii). 
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Next we prove (iii). By an application of the Markov property under n, the compensation 
formula (14) and identity (16), we deduce 

n(0 < Tq- < eg < C) = n (l - l{o<ry<c}) 

= I x,<o, (^1 - j 

\0<s<oo 

= ^ dse-‘^M{x,_>o} j n(d|/)l{x._+j/<o}Ex,_+y (l - 

poo pO 

= n(d|/)l{,+,<o}(l-e(^+^)^('')) 

Jo J —oo 

poo 

= $(g) / dzTl~{z)ze-^'^^^\ 

Jo 

The second assertion in (iii) follows by making g —)• 0. 

We will next see that (iv) can be established as in (ii) using an argument of duality, but hrst we 
recall some important facts. It is well known that X and the process X := —X are in weak duality 
with respect to Lebesgue measure, and because the resolvent of X is also absolutely continuous 
with respect to Lebesgue measure, the process X and X are in classical duality. The process X 
is a spectrally positive Levy process, for which 0 is a regular for itself, its resolvent has densities 
Uq, satisfying Uq{x) = Uq{—x),x G M, g > 0, and we denote by n its excursion measure away from 
zero. We denote by p the time reversal mapping of the excursion at its lifetime C,, i.e 


pXt 


X(^_p_, 0 < t < C < oo 
A, otherwise. 


Observe that since 0 is regular for itself, the excursions away from zero for X start and end at 
zero. It follows from the results in Section 4 of [9] that the image of n under the mapping p, say 
pn, is n. This implies the equality 


n(ro = 0, e/3 < C < co) = n(oo > = C > e^) = = 0, Xq^ < 0, < C < co). 

Proceeding as in the proof of (ii), we get 


13 / dfe-^* 


Oe(-oo,o) 


n{Xt G dp, f < C)IPj/ ( X^+ = 0, Tq < oo 


= /3 / dte [ n{Xt G dp, t < C)^-y = OWo < oo) 


= /5 


= /5 


a 




Loo Uf}{0y 
L M/3(-P) , 
Loo W/3(0) 


'y£{-oo,0) 

¥_y (x- = 0 , To" < oo) dp 


F_y X- =0,Tq < oo dp 


= -($(/?)-<h(0)). 
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The second identity in (iv) follows from (i) and (iii), thanks to the identity 

n(0 = Tq" < C = oo) = '^(C = oo) ~ '^(0 < TT < C = oo) = '^(C = oo) “ ^(0 < hT < < 0) 

and the fact that when X drifts towards — oo, 

n(C = oo) = vl/'(<h(0)+) = ^($(0)) = + «h(0) e-^(%n"(|/)d|/. 

The identity in (v) is deduced from identities (i) to (iv), using the following decomposition 

n(e^ < Tq < C) = ^(C > e/?) - (n(ro" = 0, < C) + n(0 < Tq" < < C) + n(e^ < Tq = Q) , 

and elementary but tedious calculations. □ 


7 Proof of Theorem 3 


Proof of Theorem 3. We hrst prove part (i). For any n > 1, fi < • • • < < oo and / : (— 00 , 0)"' —)■ 

a measurable and continuous function with compact support, we have 


n • .,Xt^),tn < < C A 

= limn (/(Wi+t, • •. ,Xt^+t),t + tn < ro+,f+ < C A e^) 

= limn (Ext {f{Xt„...,XtJ,tn <ToAep),t< C A e^) 


= limn 

t —^0 


E 


U 

0 - 





tn < hfi{Xt),t < ro+,t < C A 6/3 
n [hp{Xt),t < r(+,f < C A 6 / 3 ) 

$'(/S)$(/9) ’ 


where in the hrst identity, we used that excursions start from 0 continuously, which is a consequence 
of the regularity of zero; then the second identity follows from the absence of positive jumps; the 
third and fourth identities follow from an application of the Markov property under n and the 
construction of the measure E:’"’'^. From the Markov property and the dehnition of hjs in (11), the 
second factor is given by 

n(/i/ 3 (Xi),Xi < 0,t < C Ae/ 3 ) n (tq" = 0 < 6/3 < C) 

™ <F'(/?)<F(/3) “ $(/3) 

According to Lemma 2, part (iv), the right most term in the above expression equals a‘^/2. 
Furthermore, Theorem 1, part (i), ensures that the hrst factor in the right-hand side of (7) equals 


n{f{Xt„...,XtJ,t<CAep). 


The result follows since the above proved facts imply the equality of the hnite dimensional dis¬ 
tributions under n We now prove part (ii). Let n > 1, fi < • • • < < 00 , 
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/ : (0, oo)"' M'*' be a measurable and continuous function with compact support on (0, oo)"'. 

Arguing as in the proof of part (i), we obtain 


n (/(Xt,,..., = 0, To" <oo,tn<e0 < c) 

= n (^f{Xt„ Xt„)Fx,„ (e /3 < Tq" < cx), X^- = 0), < Tq”, < C A 

= limn (^f{Xt,+t ,..., Xt„+t)Fx,^+t{ep < Tq < oo, X^- = 0), t + < Tq”, t + < C A e/jj 

= limn {hfs{Xt),t < Tq < () 


^ • • •, (e /3 < To < oo,X - = 0),t„ < Tq Ae^AC). 

3;^o+ hRix) \ 0 ^ / 


3;^0+ h/3(x) 

According to Lemma 2, we have 


2 

^lim n(h/3(Xi),t < To,t< () = ^'{(3)n{ep <C,Xo+>0) = l- y $'(/?)$(/?). 

Then arguing as in Lemma 5 and using the limits from Lemma 3, we deduce that the second limit 
in the equation above is equal to 

XtjFx,„ (e /3 < < oo, X,- = 0), < C A e/ 3 ) . 

The Markov property allows to conclude that the following identity holds 

n (/(Xt^,..., XiJ, X^- = 0, To" < 00 ,tn < e/3 < C) 

= n{f{Xt„...,XtJ,Xt; = 0,tn < e /3 < C < 00 ). 

This concludes the proof of part (ii), since the proved equality determine the hnite dimensional 
distributions under n 

Finally, we prove part (hi). Let t>0,s>0FGC3 and G E Cg. We have by the Markov 
property under n that 


n (FI 


{t<Tg ,x -<o} 

^0 


Ay )G O y, T„- + s < To) 

= n (G,s< T„)^ 

= « . 


where H(z) = E° {G, s < Tq), for z < 0. From the compensation formula (14), we deduce that the 
latter can be written as 


n 


^'^F'^{t<T^,x^> 0 ,u<o / n(dz)/(X„,X„ + z)H{X^ + z)l{x^+,< 0 } 1 • 
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Applying the Markov property again but now at time t, we deduce 


^ dsl{x.>o} J n{dz)f{Xs,Xs + z)H{Xs + z)l{x,+,<0} 

The above identity can be written in terms of the 0-potential of the process X killed at its hrst 
hitting time of 0, Uq, i.e. 

^ ^ dy) j U{dz)f{y, y + z)H{y + . 

The absence of positive jumps implies that the restriction to (0, cxd), of the potential the process 
killed at its hrst hitting time of 0, should be equal to that of the process killed at its hrst passage 
time below 0, that is 





r-To 


'-{Xt&dy} 


dt 1 


{!/>0} 


= E, 



HXt€dy} 


dt 1 


{y>0}) 


This observation together with Theorem 2.7 in page 123 in [11] gives as in (15) the identity 


U°{x,dy) / U{dz)f{y,y + z)H{y + z)l{y+^<o} 


dy - W{x - y)) / nidz)f{y, y + z)Hiy + z)l{,+.<o} = KfH{x), 


with X > 0, and where K is the kernel dehned in (8). In order to conclude the proof of part (hi), 
it just remains to describe the term n . But arguing as in the proof of part (ii), we 

obtain, for t > 0, and F G 'Hb^t fhe following equality 


n 



{t<rQ <CAe^} 


<c <ep) . 


This hnishes the proof. □ 
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